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Abstract 

Theoretical expressions for R 2 and R~, indicator 
functions used in automated structure analysis, are 
given for space groups P1 and P i  as a function of at 2 = 

2 N Y ~ = l f / Y j =  1f21 (P is the number of atoms in the 
tentative structural model) and of a threshold a on the 
intensity data. It appears that R2 is only slightly 
dependent, R~ v, however, is strongly dependent on a. If 
low-intensity reflections are eliminated from the data 
set, R 2, and not R~ v, thus remains a useful control 
function in testing the reliability of atomic positions 
Theory and experiment are shown to be in good 
agreement. 

1. Introduction 

In automated structure analysis, one obviously needs 
criteria to discriminate between correct and incorrect 
structure models. As such a criterion we prefer the 
mathematical indicator function R 2 above chemical 
criteria. R 2 is defined as 

22 ( IN-  z~) 2 
H 

R2m~ , (1) 

H 

0567-7394/81/030353-08501.00 

where I N represents the observed intensity of the 
N-atom structure looked for and lp is the calculated 
intensity of a proposed structure model containing P 
atoms. 

The functional behaviour of R 2 is evaluated 
theoretically in many papers (Wilson, 1969, 1974, 
1976; Lenstra, 1973, 1974, 1975, 1979; Parthasarathy 
& Parthasarathi, 1972; Parthasarathy, 1975; Van de 
Mieroop & Lenstra, 1978). Applying R 2 in realistic 
structure determinations, Van de Mieroop (1979) 
obtained encouraging results. In the procedure he tried, 
the structure is determined by adding the atoms one by 
one to the model. Each time the reliability of the 
enlarged model is checked, comparing its experimental 
R 2 value with the expected one. Clearly, the reliability 
check requires substantial amounts of computer time. 

An acceleration of the reliability check was sought in 
a reduction of the numbers of reflections used to 
calculate R 2. Following the practice with rotation 
functions (Tollin & Rossmann, 1966), we decided to 
eliminate intensities for which E 2 < a and to investigate 
the consequences on the path of R 2. 

In this paper we report the theoretical derivation of 
R2 as a function of the threshold a for the space groups 
P1 and P1 and compare the results with corresponding 
experimental values. Parthasarathi & Parthasarathy 
(1975) have stated that the normalized residual R2 ~ 
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354 RESIDUALS A N D  THE E L I M I N A T I O N  OF LOW-INTENSITY D A T A  

might be a better indicator function for small structure 
models than R 2. 

R~ is defined as 

with 

Y ( 1 N -  I~,/o]) '~ H 
R2 s = (2) 

H 

a~ = fz. j .  
j=l  I j=l  

A comparison of R2 and R~' is given. 

joint probability distribution function P(YN, Yv). This 
distribution, however, is space-group dependent. For 
brevity_ we confine ourselves to the space groups P1 
and P1. Let the structure contain N equal atoms, while 
the tentative structure model contains P atoms at their 
exact positions. The joint probability function is then 
given by 

4YNYv 
P(YN, Y~) = 

[Y~v + Y~] (2alYNYP 1 
e x p - [  02 ] I 0  o~ ) ( 8 )  

for a non-centrosymmetric crystal, and by 

2 [y2N-]-y2 ] (alYNYpi 
P(YN, YP) = - -  exp -- cosh (9) 

7r°2 [ 2a2 2 ] a2 2 ] 

2. The residual R 2 as a function of  the threshold a 

With the notation of Srinivasan & Parthasarathy 
(1976), (1) can also be written in terms of the 
normalized structure factor variables YN and YP as 

2 2 ((y, , -  y~ a~) 2) 
R 2 = . (3) 

On simplification (3) yields 

(y~,) + o'~ (y~)  ~ ~ - 2 o l ( y ~ y v )  
R2 = . (4) 

(y~)  

From a practical point of view, it is obvious that the 
threshold a is to be applied to the observed intensities 
only. For a model of the related type, i.e. for a correct 
structure model, YN and YP are dependent variables. 
Then the moments ofy.e are a function of the threshold. 
So for the related case we find 

4 4 2 2 2 (Y~)a + ~71(YP)a-- 2Crl(Y?vYv)a 
R2(a) = . (5) 

(Y~)a 
When the structure model is completely wrong (i.e. the 
unrelated case), YN and Ye are mutually independent. 
Therefore, 

2 2 (Y3rYv)a = (Y~v)a(YZv)= (Y~)a (6) 

because 

(y~)  = l. 

R 2 for the unrelated case is then given by 

(Y~)a + o ] ( y ~ ) -  2o~(y~) a 
R2(a) -- . (7) 

(Y4N)a 

Equations (5) and (7) for the related and unrelated 
cases, respectively, are valid for any space group. The 
moments of YN and yp can be obtained by using the 

for a centrosymmetric crystal (Srinivasan & 
Parthasarathy,  1976). Here lo stands for the modified 
Bessel function of the first kind of order zero and a22 = 
1 - o 2. In order to evaluate R2(a), one has to calculate 

oo oo 

f f Y~v Y'~ P(YN, YP) dyp dYN v'a 0 
<.~NY~P >a  = ( 1 0 )  

cx) oo 

f f P(y,,, y~) dy~ dye, 
v'a 0 

for n = 0, 2, 4 and m = 4, 2, 0. 
The moments @2)a, (Y~)a and the normalization 

factor can also be evaluated more simply using the 
marginal probability function P(YN) for the non-centro- 
symmetric and centrosymmetric cases. These moments 
can thus be obtained by the integration 

oo 

(Y~v) a = f Y~ P(YN) dYN (11) via 

for n = 0, 2 and 4. 

3. R 2 (a) for P l  and P i  

The expectation values of y~, y~, y~ and y~y~ as a 
function of the threshold a are calculated in Appendix 
A for P1 and in Appendix B for P1. We then obtain 

(i) for the related case in P I :  

R2(a) = {a2[o s -  20] + 11 + 2a[--a~ + 2oi--o ] 

- -o~ + 1 ] +  2 (1 - -  0~)}(a 2 + 2a + 2)-1; (12) 

(ii) for the unrelated case in P l :  

Re(a) = [a 2 + 2a(1 - a~) + 2(0] - o I + 1)] 

x (a 2 + 2a + 2)-1; (13) 



(iii) for the related case in PI :  

R2(a) = 1 + { - 0 2 ( 2  + or2) erfcN/~ 

2 4 m  + o 2 [ - 2 - 4 0 "  2 + 6 a ~ -  3cr~ + crl(cr 1 2)a] 

regarded as an equal-atom structure. Moreover, it was 
shown to be a good test example for space group P1 
(Van de Mieroop & Lenstra, 1978). 

x 3 er + (3 + a) ~ e -a/ ; (14) 
~4 zc j 

(iv) for the unrelated case in P i :  

R2(a)= l + [-2a2 erfcN/~--2o2J~azc e -a/2 

+3cr~ erfc / ~ ]  

x 3 er (3 + a) / - -  e - a / 2 1  
,x/ z~ j " (15) 

,3 I 1.2 

1.1 

1.0 

Graphs of the functions are shown in Figs. 1, 2, 3 and 4 
respectively. 

Except for the related cases, the behaviour of the 
discrepancy index R2(a) is strongly influenced by the 
elimination of low-intensity data from the calculations. 
The behaviour of R2(a) is characterized by two 
different regions, as can be seen in Figs. 1 and 3. For 
the non-centrosymmetric case, R2(a ) decreases in a 
monotonic way in the region cr 2 > 0.7, whereas for o 2 
< 0-7 the residual contains an additional minimum 
with respect to the threshold. This minimum moves to 
the right as 02 increases and is located at a = oo when 
02 reaches the value 0.7. Similar considerations can be 
made for the centrosymmetric case, namely for cr 2 > 
0.5, R2(a) decreases monotonically and for 01 < 0.5 a 
minimum on the R 2 path occurs. 

For the unrelated cases, however, the influence on R2 
of the threshold is more outspoken as is seen in Figs. 2 
and 4. The residual shows always a minimum and, for 
a --, 0% the value of R2 reaches the limiting value 1 for 
all cr 2 values. 

4. Experimental verification 

(a) The non-centrosymmetr& case 
The theory was checked for space group P1 with the 

experimental intensity data and the refined structural 
parameters of ammonium hydrogen 1-malate, (R = 
0.024; Versichel, Van de Mieroop & Lenstra, 1978). 
The compound, with empirical formula C4H9NOs, was 
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Fig. 1. R 2 for the related case in space group P1.  
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Fig. 2. R 2 for the unrelated case in space group P l .  
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R 2 values are enumerated for the related case only, 
using the observed intensities instead of the normalized 
ones. The good agreement between theory and experi- 
ment is shown in Table 1, in which some experimental 
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Fig. 4. R 2 for the unrelated case in space group P i .  

R 2 values and the corresponding theoretical ones are 
given as a function of the threshold a. 

(b) The centrosymmetric case 

An artificial equal-atom structure, produced from the 
structure of cis-cis-4,6-dimethyl-trimethylene sulphite 
(Petit, Lenstra & Geise, 1978) by replacing all carbon 
and sulphur atoms by oxygen, was used as test 
structure for P i .  The compound with empirical formula 
CsHt0OaS crystallizes in space group P21/c and has 
Z = 4 .  

The residual values in Table 2 are 'averaged' ones, 
i.e. the average was calculated by taking each in- 
dividual structure model with say tr 2 = 0.56 (equivalent 
to five independent atoms out of the total of nine 
atomic positions possible) and then averaging over all 
possible permutational structure models. 

Table 2 shows an even better agreement between 
theory and experiment for the centrosymmetric struc- 
ture than was obtained in the non-centrosymmetric 
structure (Table 1). In the latter case no averaging 
procedure was applied. Since we deal then with one 
single structure model the test might be biased. 

For both P1 and P i the agreement is sufficient to 
state that R 2 in the presence of a threshold remains a 
proper indicator function. Moreover, the computing 
time required to check the reliability of a tentative 
structure model can b~ reduced to about 20% of the 
original time by eliminating all E 2 values below a = 2. 

The usefulness of R2 as an indicator function in 
structure evaluation procedures is obviously not only 

Table 1. Comparison o f  experimental R 2 values with 
the theoretical ones as a function o f  the threshoM a for  

a non-centrosymmetric structure 

o~ measures the size of the known, correct structure fragment. 
Here a~ = 0.9 corresponds to a model with 9 out of 10 atoms in 
the molecule. The asterisk indicates a local minimum in R 2 as a 
function of a. 

tr~ = 0.9 (7,2=0.5 

100 x 100 x I00 x 100 x 

a R2 (exp) R 2 (theor) R 2 (exp) R 2 (theor) 

0.00 9.44 10.00 54.10 50.00 
0.20 9.26 9.76 52.91 49.08 

0.40 9.11 9.44 52.80 48.65 
0.60 8.95 9.08 52.38* 48.53* 
0.80 8.94 8.73 52.62 48.58 
1.00 8.74 8.40 52-78 48-75 
1.20 8.43 8.09 53.48 48.97 
1.40 7.49 7.81 54.31 49.22 
1.60 7.45 7.56 54.43 49.48 
1.80 7.44 7.33 54.65 49.75 
2.00 7.30 7.12 54-93 50.00 
3.00 6.10 6.33 52.92 51.10 
4.00 5-66 5.82 52.00 51.92 
5.00 5.56 5.46 52.34 52.53 
6.00 5.81 5.20 55.00 53.00 
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Table 2. Comparison of experimental R 2 values with 
the theoretical ones as a function of the threshold a for 

a centrosymmetric structure 

02 measures the size of  the known, correct  structure fragment,  e.g. 
02 = 0.11 corresponds here to a model with 1 out  of  the 9 atoms in 
the molecule. NO represents the number  of  reflections taken in the 
calculation o f  R 2. Standard deviations of  the 'experimental '  R 2 
values for 0ma x = 30 ° are shown in parentheses. 

o I = 0 . 1 1  o I =0 - 56  

100  x 1 0 0  x 100 x 1 0 0  x 
a NO R 2 (exp) R 2 (theor) R 2 (exp) R 2 (theor) 

0.0 1561 93.92 (1.25) 92.18 50.86 (9.25) 52.68 
0.2 957 93.83 (1.24)* 91.98" 49-45 (9.14) 50.60 
0.4 753 93-87 (1.24) 92.07 49-30 (9-12) 49.87 
0.6 621 93-98 (1.24) 92.23 49-08 (9.24) 49.40 
0.8 532 94.20 (1.21) 92.40 48.83 (9.25) 49.05 
1.0 455 94.86 (1.32) 92.59 48.26 (9-30) 48.79 
1.2 387 95.00 (1.34) 92-78 48.16 (9.42) 48.59 
1.4 344 95.02 (1.35) 92.96 48.15 (9.45) 48.43 
1.6 308 95.65 (1.42) 93.13 47.86 (10.02) 48.30 
1.8 264 95.71 (1-47) 93.30 47.84 (10.19) 48.19 
2.0 240 95.83 (1.45) 93.45 47.78 (10.34) 48.10 
3.0 149 96.30 (1.56) 94.12 47.70 (11.34) 47.84 
4.0 86 96.61 (1.77) 94.61 47.68 (12.92) 47.72 
5.0 58 96.64 (1.99) 95.00 47.68 (14.21) 47.66 

(iii) for the related case in P i :  

_ 2 a R~V(a) = {4( 1 trl) erfe~22 

+ [ l + ( 1 - - o 2 ) 2 a + 2 0 2 - - 3 0 4 ] ~ e - a / 2 }  

[ f c ~  2~ q-i x 3er  + ( 3 + a )  e -a/ ; (18) 

(iv) for the unrelated case in P i :  

R2S(a) = [4 e r f c ~ +  (1 + a ) ~ e - a / 2 1  

x 3 er + (3 + a e -a/2 (19) 

determined by the predictability of the residual value 
itself. Another important factor is the standard 
deviation on R 2. Unfortunately the present theory does 
not allow us to predict a(R2) because our formulae are 
derived from distribution functions which are, strictly 
speaking, only valid if the number of observations is 
infinite. We will tackle this problem in a forthcoming 
paper (Van Havere & Lenstra, 1981). Our averaging 
procedure gave us, however, some empirical and most 
useful information on the behaviour of a(R2) as a 
function of both the size of the proposed correct 
structure model and the threshold which is depicted in 
Fig. 5. Surprisingly the introduction of small values for 
the threshold does not influence a(R2) much. At a = 1 
hardly any increase in o(R 2) is noted even though 
approximately 70% of the observations involved in the 
R2 calculations are ignored. 

• o=00 
X a:10 

STANDARD DEVIATION OF R2 o o=20 

~ ~ L  ~. a=30 
o a=~ O 
• a :50  

12.5 

10 0 

5. R~(a) for PI and Pi  

Results for the normalized index RN2(a) can be obtained 
by following exactly the same procedure as before. We 
obtain 

25- 

(i) for the related case in PI :  

R~(a) = (1 - 02)[(1 - 02)a 2 + 2o~a + 2] 

x [a 2 + 2a + 21-1; (16) 

(ii) for the unrelated ease in P1: 

R~V(a) = (a 2 + 2)(a 2 + 2a + 2)-1; (17) 

00 01 Q2 03 0.4 05 06 07 08 09 10 

o~ 
Fig. 5. Variation of  a(R 2) with the size of the proposed correct 

structure mode] and the threshold. • a = 0.0, x a = 1.0, [ ]  a = 
2.0, A a  = 3.0, O a = 4 " 0 , 1 a  = 5.0. 
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Graphs of  these functions are shown in Figs. 6, 7, 8 and 
9 respectively. 

We note that the normalized index in both unrelated 
cases is independent of  the size of  the model tr 2. On the 
other hand, there is a quite strong dependence of R2 N 
upon the threshold a. Particularly at low values of a the 
normalized index decreases very rapidly. This feature is 
found for the related and for the unrelated cases in any 
space group. 

A comparison of  R 2 and R2 s is the most interesting 
with respect to their behaviour in the related case, i.e. 
when the tentative structure model is correct. Starting 
from a zero-atom model R2 N decreases faster than R 2 
for relatively small models. Because of this aspect 
Parthasarathi & Parthasarathy (1975) prefer, for small 
structure models, R~ above R2, thereby overlooking 
two disadvantages. Firstly, for a zero-atom model R2 
1.00 under all conditions. The starting value of  R2 s, 
however, depends on the actual intensity distribution of  
the structure looked for. In the case of  an 'ideal' P1 
structure R2 s = 1.00, whereas for an 'ideal' P i  structure 
R2 s = 1.33. In practical circumstances R2 N will have 
some unknown, inbetween starting value. Secondly, 
owing to a non-ideal signal-to-noise ratio the measured 
intensity for a number of  reflections will turn out to be 
zero or negative. Usually these reflections are omitted 
from the analysis or given artificially an intensity of  
zero. Such an action is equivalent to the introduction of 
a small, but unknown, threshold in the data set. Its 
influence on R 2 (see Figs. 1 and 3) can be ignored, but 

the impact on R~' (Figs. 6 and 8) for small structure 
models is substantial. 

On the other hand, one should not over-rate the 
importance of  these drawbacks. For instance, a 
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Fig. 7. R~ for the unrelated case in space group Pl. 
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treatment of the primary intensity data in the way 
proposed by French & Wilson (1978) could be reliable 
enough to eliminate the enforced signal-to-noise 
threshold. Also, a sufficiently large value of a restores 
the usefulness of R~ and makes the preferences between 
R2 and R~ v a matter of personal taste. In fact, in a 
forthcoming paper (Van Havere & Lenstra, 1981) it 
will be proved that the discriminating power of R 2 and 
R~ as a function of a is exactly the same. 

It should be stated clearly that one is only allowed to 
eliminate low intensities from the data set when 
checking the correctness of an atom newly added to the 
model. Only then is one allowed to take advantage of 
the reduction in compufag time. Structure refinement, 
scaling procedures, etc. should be carried-0df-wit-fi alFth-e 
observed intensities as is recommended by Hirshfeid 
& Rabinovich (1973) and Wilson (1978). Naturally, 
any systematic exclusion of weak reflections in, for 
example, a least-squares procedure will cause asym- 
metry in the error distribution of the observed data and 
will inevitably introduce systematic errors in the 
parameters. 

One of us, GHP, wants to thank the Belgian 
organization Instituut voor Wetenschappelijk Onder- 
zoek in Nijverheid en Landbouw, IWONL, for a 
predoctoral grant. We also thank Drs H. Krabbendam 
and Professor Dr H. J. Geise for their critical reading 
of the manuscript. 
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A P P E N D I X  A 

In this section, we describe the procedure to calculate 
the moments given by equation (10), with the joint 
probability distribution function P(YN, Ye) for the 
non-centrosymmetric case. The normatlization integral 
in the denominator of (10) can also be written as 

o o  

K a = f P(y~) dy N. (A 1) 
Va 

So we find that K a = e -a. (A 2) 
Next, we work out the integral 

o o  o o  

f f y~y~P(yN, yp)dypdyN. (A3) 
Va 0 

Substituting equation (8) in (A3) and using the series 
expansion of the modified Bessel function of the first 
kind (Abramowitz & Stegun, 1968), given by 

i ( 2o~ yN ye~ ~ rr2k . 2k . 2k 
" 1 Y~ Yp (A 4) 

o\ 1= of,(kO , 
k=O 

we find that the integral is given by 

o o  

4 ~ 02 k fy~k+3 exp [ - - '~1  
~ Z °~ *(k!)---~ [ °2J 2 k=O 0 

[_ x f yff+3 exp Y~] Va 0" 2j dYlv dYe. (A 5) 

Writing this expression in terms of the normalized 
variables zN(= y~) and zp(= y~) and using the solutions 
of the standard integrals 

oo m m ! am_r 
f X m e -nx dx  = e -ha Z 
a r=O ( m -  r)[n r + l '  

(A6) 

f x"  e -t'x d x -  (A 7) 
o b n+l 

for b > 0 and n positive, we find a double series 
expansion, which can be shown to be equal to 

e-a[a](a 2 + a + 1) + 1 + a]. (A8) 

With this technique, we find for the other moments the 
following expressions 

(y~,),, = 1 + a  

(Y~)a = a2 + 2a + 2 

(y~),, = 1 + a] a 

(Y~)a  = 041 a2 + 202(2 -- a~)a + 2 

2 2 a 2 (1 + 0 2 ) a  + 1 + try. (y;, y )o = + 

(A9) 

(,410) 
(Al l )  

(,412) 
(A13) 
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APPENDIX B 

The moments presented by equation (10) will be 
calculated for the centrosymmetric case using the joint 
probability distribution function (9). The procedure for 
calculating the moments is somewhat different to the 
one treated in Appendix A. 

The normalization integral K~ of (10) is given by 

K.  = erfc V~/2. (B1) 

Let us work out the integral 

co co 
f f y2y2p(yN, yp)dypdy N. (B2) 

v'a 0 

Substituting (9) in (B2) and using the definition 

cosh x = (e x + e-X)~2, (B3) 

we find the integral becomes 

a52 
co 

t~ co 
| u 2 e -uv2 f v 2 e -vw (e °'uv + e-°ruv) 'dr du (B4) 

7C d 0 
v ' a / o 2  

in which u = yu/a 2 and v = yp/O 2. 
By applying the following standard integrals 

f e -(at2+bt+c) dt = e (be-ac)/a erfc (B5) 
o 2 ~ a  ~7~ 

and 

2 co (t - z) n 
i" erfc (z) = - - ~  f nt e -t2 dt, 

z 

the numerator of (10) can be written as 

( 1 + 2 o  2) e r f c ~ +  ( 1 + 2 o i +  aa2)~f-2--azre-a/2, 

so for the other moments we find 

(Y~)a = 1 + a  

(ya)a = 3 + (3 + a)a 

( y ~ ) a =  1 + o 2 Q 

(B6) 

(BT) 

(B8) 

(B9) 

(B10) 

with 

(y~)a = 3 + a216 + ( a -  3)a2]Q ( B l l )  

(YN2 yp2)a = (1 + 2a2) + [1 + (2 + a)cr21Q (B12) 

J 2a e_a/2/erfc~2 ° 

Q =  n 
(B13) 
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